A simple model of an associating fluid is proposed that accounts for the fact that hydrogen bonds are highly directional and favor the formation of locally open structures. The resulting analytical equation of state reproduces the distinguishing thermodynamic features of liquid water. In contrast to previous models in which the relationship between bonding and bulk density is assumed a priori, the extent of hydrogen bonding is derived in the present work from a simple microscopic model. Furthermore, by altering the parameters which control the geometric constraints on bonding, the model is able to exhibit the two thermodynamically consistent scenarios that can explain the observed behavior of supercooled liquid water, namely the two-critical-point and singularity-free scenarios. This suggests that the two scenarios are closely related through subtle features of the hydrogen-bond geometry.
I. INTRODUCTION
Physical models have significantly advanced our understanding of the liquid state. Progress is perhaps most evident in the case of dense, simple liquids which comprise atoms that interact through spherically-symmetric potentials. A key feature of these systems is that the local structure, at least in the vicinity of the triple point, is dominated by repulsive interactions. In contrast, attractive forces play a relatively minor role in the structuring of molecules and can be treated as contributing a uniform background potential that confers the liquid its cohesive strength. This simple van der Waals picture set the foundation for modern perturbation theories, which accurately describe the thermodynamic properties of simple atomic liquids. [1] [2] [3] A qualitatively different picture is expected to hold for the so-called associating liquids. In contrast to the orientationally smooth attractions characteristic of simple fluids, the attractive forces relevant to association are strongly orientation-dependent. The most common associative interaction is the hydrogen bond. Such bonds are strong, directional attractions that exist between an electronegative atom and a hydrogen that is covalently bonded to another molecule. The directionality of this interaction constrains the orientations of participating molecules and, consequently, favors the formation of open structures. This is particularly notable in water, a substance which can form space-filling, open networks in which each molecule is hydrogen bonded to its four nearest neighbors. 4 Ordinary ice is perhaps the best-known example of such a tetrahedrally-coordinated network, with each molecule acting as a hydrogen donor towards two neighbors and as an acceptor towards the other two. Silica is another classic example of a substance which forms a low-density network of strong, directional bonds. 5, 6 In the liquid phase, hydrogen bonds promote ordered ͑low entropy͒ and open ͑low density͒ structures that are necessarily both localized and transient. These bonded structures are energetically favorable and thus increase appreciably in size as the liquid is cooled towards its freezing point. This has a pronounced effect on the bulk thermodynamic behavior of liquid water. 7 For instance, the familiar density maximum that occurs at 4°C signals that the fluid expands when cooled isobarically below this temperature. If the liquid is cooled below its freezing point without crystallization ͑super-cooled͒, many of its physical properties exhibit anomalous behavior. Examples include large increases in isothermal compressibility T , isobaric heat capacity c P , and in the magnitude of the thermal expansion coefficient ␣ P upon cooling, and an increase in molecular mobility as the liquid is compressed isothermally. [8] [9] [10] [11] [12] At even lower temperatures, amorphous solid ͑glassy͒ water is known to exhibit a phenomenon known as polyamorphism [13] [14] [15] in which two different forms, termed low-density amorphous ice ͑LDA͒ and high-density amorphous ice ͑HDA͒, are separated by a seemingly first-order transition. Evidence suggests that liquid water and its glassy phases are both thermodynamically and structurally continuous, [16] [17] [18] implying that the sharp change in density that accompanies the transformation from LDA into HDA is the structurally arrested manifestation of an underlying liquid-liquid transition that is metastable with respect to crystallization. This interpretation is commonly referred to as the two-critical-point scenario because it attributes the anomalies of supercooled water to the presence of a second critical point, where the first-order phase transition between LDA and HDA terminates. Results from computer simulations and theoretical calculations are consistent with this scenario. [19] [20] [21] [22] [23] [24] [25] A second thermodynamic scenario for liquid water has been proposed in which the large increases in the thermodynamic response functions occur in the absence of any assumed low-temperature singularity. [26] [27] [28] [29] [30] This so-called singularity-free scenario is related to the thermodynamic requirement that the increase in isothermal compressibility upon supercooling is inseparable from the existence of a negatively-sloped locus of density maxima in the P -T plane, 28 a feature that water exhibits over a broad range of temperatures and pressures. The experimentally observed continuity between liquid and glassy water [16] [17] [18] rules out the retracing spinodal hypothesis, 31 the first thermodynamically consistent scenario proposed to explain supercooled water's anomalies. The present understanding of liquid and glassy water's low-temperature properties, in other words, admits two thermodynamically consistent interpretations, the twocritical-point and singularity-free scenarios.
An important feature of both hypotheses for supercooled water is their ability to describe the distinguishing thermodynamic features of liquid water under experimentally accessible conditions. Specifically, it has been shown that the experimentally observed locus of density maxima and locus of compressibility minima can be reproduced by either thermodynamic scenario. 32, 29 Furthermore, both the two-criticalpoint and singularity-free hypotheses predict that the locus of density maxima changes slope in the negative pressure region of the P -T plane to avoid the superheated liquid spinodal, a feature that has been observed in simulations of liquid water. 19 Since liquid water cannot be studied experimentally below its homogeneous nucleation temperature ͑ca. Ϫ42°C at one atmosphere͒, the hypothesis of a liquid-liquid transition has not been unambiguously verified. Here, simple models can provide insight into the possible global phase behaviors that can underlie the experimentally observed anomalies; elucidate the connection between microscopic details of hydrogen bonding and the resulting thermodynamics; and perhaps suggest experiments that can distinguish between the two scenarios. In this spirit, Poole et al. 32 derived an extended van der Waals equation of state that incorporates the effects of hydrogen bonding. Their approach was especially insightful because it demonstrated that the superposition of a hydrogen-bonding term onto the van der Waals free energy results in an equation of state capable of qualitatively reproducing water's anomalies. This work has been recently extended by Jeffery and Austin 33 in order to generate a quantitative equation of state for liquid water.
A key feature of the work of Poole and co-workers, 32 of its recent extension by Jeffery and Austin, 33 and of the related lattice model of Borick et al. 34 is the a priori assumption of the form of the relationship between the bulk density and the fraction of molecules that participate in hydrogen bonds. The nature of this approximation precludes establishing a connection between the microscopic details of bonding geometry and the resulting thermodynamic behavior. In the present work, we address this important issue by deriving the relationship between the extent of hydrogen bonding and the thermodynamic behavior by solving a simple microscopic model.
Commonly, associative interactions such as the hydrogen bond are treated within the theoretical framework of either a chemical or a perturbation theory. In the chemical theory approach, hydrogen bonds result from the formation of new molecular complexes such as dimers, timers, etc. Thus, the equation of state can be determined from solving the material balances and equilibrium conditions for the various complexed species. 35 Thermodynamic perturbation theories for water, on the other hand, are generally extensions of Wertheim's statistical mechanical formalism for associating fluids 36, 37 and require an orientation-dependent potential as an input. Typical intermolecular potentials used in conjunction with Wertheim's theory are primitive models that consist of a repulsive core and multiple interaction sites that mimic the directional interactions characteristic of liquid water. 38 Both the chemical theory and thermodynamic perturbation theories have been relatively successful in describing water's vapor-liquid coexistence and the equation of state in the supercritical region. 35, [39] [40] [41] [42] However, an important deficiency of modern theories of association is their inability to reproduce many of the distinguishing thermodynamic features of stable and supercooled liquid water, including density maxima, compressibility minima, and anomalous increases in the response functions. This is due, in part, to the absence of a strong correlation between hydrogen bonding, loss of orientational entropy, and the existence of a low-density environment in the vicinity of a hydrogen bond.
An exception to this rule is the perturbation theory of Dahl and Andersen 43 which considers a sophisticated model potential with orientation-dependent interactions of varying attractive strength. The resulting approximate cluster theory permits numerical evaluation of the thermodynamic properties, which are found to be in good qualitative agreement with experimental trends.
In this work, we present a model that incorporates the known local correlation between low density, low energy, and low entropy in the vicinity of a hydrogen bond. This results in a simple analytical equation of state capable of describing with surprising accuracy the thermodynamics and phase behavior of supercooled liquid water. We consider the simplest case of a fluid with strongly directional interactions. Specifically, the fluid consists of molecules that can form at most a single hydrogen bond. The model and statistical mechanical development are presented in Sec. II. In Sec. III we use the model to calculate the thermodynamics and phase behavior and discuss the connection to water. In Sec. IV we present some concluding remarks.
II. MODEL FORMULATION
Owing to the importance of hydrogen bonding in our model, it is natural to begin with a microscopic description of the geometric criteria for the formation of a hydrogen bond. These criteria are designed to mimic the minimal features of hydrogen bonds in liquid water, namely, the molecules involved must possess mutually favorable orientation ͑low orientational entropy͒, and an open, low-density envi-ronment must exist in the vicinity of the bond. These basic physical attributes of the hydrogen bond are modeled as follows ͑see Fig. 1͒: ͑1͒ One of the two participating molecules must have a cavity of radius r i , empty of any molecular centers, surrounding it. We term this the central molecule of the pair. ͑2͒ The pair must be separated by a distance r that lies within the hydrogen-bonding shell of the central molecule, with r i рrрr 0 . ͑3͒ The pair must exhibit mutually favorable orientation, 1 , 2 р*. ͑4͒ The presence of additional molecules in the hydrogenbonding shell ''crowds'' and thereby weakens the existing bond. We assign a strength Ϫ⑀ max to a hydrogen bond and a penalty ⑀ pen for each nonbonding molecule in the hydrogen-bonding shell. In this study, we take Ϫ⑀ max ϭϪ23 kJ/mol and ⑀ pen ϭ3 kJ/mol. It follows that if more than seven nonbonding molecules are contained in the hydrogen-bonding shell, the central molecule is not available for bonding.
Each of these criteria is designed to model, albeit in a rudimentary fashion, specific features of the hydrogen-bond interaction. For instance, the requirement of a cavity of radius r i surrounding the central molecule promotes a lowdensity, open environment in the vicinity of the bonded pair. Criterion ͑2͒ defines the largest allowable separation r 0 for molecular centers participating in a hydrogen bond. Indeed, the shell (r i рrрr 0 ) physically represents the width of the distribution of bond lengths in the model substance. For perspective, typical bond lengths in (H 2 O) 2 measured in the vapor phase ͑2.98 Å͒ are roughly 8% larger than the observed distance in ice. 4 Criterion ͑3͒ constrains the bonding sites on each molecule to lie within an angle * of the line connecting molecular centers. The magnitude of * determines the freedom of alignment between molecular sites, and thus is necessarily related to the reduction of orientational entropy upon bonding. As will be demonstrated, minor alterations in the geometric ''librational'' and ''vibrational'' bonding constraints, as defined by (r i ,r 0 ,*), can result in dramatic changes in the macroscopic phase behavior of the system. Criterion ͑4͒ prescribes the dependence of the hydrogen-bond energy Ϫ⑀ j on its local structural environment,
where jϪ1 is the number of nonbonded molecules in the hydrogen-bonding shell of the central molecule. This crowding rule is a simple model for the fact that hydrogen bonding is a many-body interaction, i.e., the presence of nonbonding neighbors can severely disrupt the electronic structure of the bonded pair. Certainly, these criteria oversimplify the microscopic details of the hydrogen bond. For instance, this coarse description will not promote many of the structural details characteristic of liquid water, such as local tetrahedral ordering. Nevertheless, the model provides a framework within which the effect of simple directional bonding on the thermodynamics of a fluid can be studied analytically. Connection between microscopic forces and equilibrium thermodynamics is established through the canonical partition function Q, 44 
Q͑N,V,T
from which the Helmoltz free energy is obtained, A ϭϪkT ln Q(N,V,T). Here, ␤ϭ1/kT, k is Boltzmann's constant, T is the temperature, N is the number of molecules, and V is the volume. For a monatomic species, ⌳ is the familiar thermal wavelength. For polyatomic molecules, ⌳ is generalized to include contributions from relevant internal degrees of freedom; however, it exhibits no pressure or density dependence. The multidimensional integral over the set of 5N thus it is often modeled by a uniform, attractive background potential. We invoke this mean-field approximation by replacing the dispersion term with an effective potential energy Ϫa per molecule (ϭN/V). The resulting partition function may be written
͑2.4͒
The integrals appearing in this relation may be rewritten as
͑2.5͒
Note that this transformation is exact. Focusing on the right-hand side of the equality, the first integral in the product represents the configurational partition function for the hard-sphere fluid. In the second integral, the notation ͗exp(Ϫ␤⌽ HB )͘ HS indicates that the thermodynamic average of exp(Ϫ␤⌽ HB ) is to be taken in the hard-sphere ensemble. This implies sampling all possible configurations of N hard spheres at a given density, and calculating, for each such configuration, the value of exp(Ϫ␤⌽ HB ) by ''turning on'' the hydrogen bonds with fixed molecular orientation. The integral is then taken over all possible sets of orientations. If we assume the simplest approximation for the available volume in the hard-sphere fluid ͓VϪNb͔, exact only in one dimension, then the partition function becomes
͑2.6͒
We have explored the use of more accurate excluded volume approximations, such as the Carnahan-Starling equation of state 45 or Padé approximant fits to simulation data. They all produce qualitatively similar results.
For a general random variable x, we note the familiar cumulant expansion 
͑2.7͒
We determine the hard-sphere contribution to Eq. ͑2.6͒ approximately by neglecting fluctuations. Explicitly, we neglect second and all higher order cumulants
͑2.8͒
where this term still depends on the orientation of each individual molecule. Specifically, if one of the j molecules in the hydrogen-bonding shell shares correct mutual orientation with the central molecule then a hydrogen bond of strength Ϫ⑀ j ϭ͓Ϫ23ϩ3( jϪ1)͔ kJ/mol is formed. On the other hand, if none of the j molecules shares correct mutual orientation with the central molecule then ⑀ j ϭ0. Here, p j represents the probability that, in a hard-sphere fluid at the density of interest, a given hard sphere has a cavity of radius r i surrounding it and that j other sphere centers lie within its hydrogenbonding shell ͑Fig. 1͒. This is tantamount to stating that the hard sphere meets the positional ͑if not the orientational͒ requirements for hydrogen-bonding to one of its j neighbors. Implicit in Eq. ͑2.8͒ is the assumption that central molecules are never in a position to bond to one another. This is a reasonable scenario at high densities, where central molecules ͑which must have a cavity of radius r i surrounding them͒ are scarce. It is further assumed that a given molecule can only exist in the hydrogen-bonding shell of one central molecule at a time. From an energetic viewpoint, an optimal set of orientations for the molecules would result in a configuration containing a total of Np j bonds of energy Ϫ⑀ j (1 р jр8). Together with the physical constraint of one hydrogen bond per molecule, this allows for the explicit evaluation of the orientational integrals appearing in the partition function. Recalling that ⑀ j is zero except when the central molecule ͑with orientation 1 , 1 ͒ and one neighbor ͑with orientation i , i ͒ are mutually aligned ( 1 , i р*) we have
where f j is given by
and * is defined in Fig. 1 . The resulting partition function reads
͑2.11͒
Differentiation yields the pressure
which is simply the van der Waals equation of state plus a hydrogen-bonding contribution. It is useful to relate the ex-cluded volume per particle b to the hard-core diameter . We require the pressure to diverge at the familiar random close packing density 0.64bϭ
where the spheres occupy 64% of the volume.
To complete the picture, we need to obtain an expression for p j . Consider this quantity as a product of two probabilities p j ϭp͑r i ,0͒•p͑r 0 , j/r i ͒.
͑2.14͒
The first quantity is the probability that a given sphere has a cavity of radius r i , empty of other sphere centers, surrounding it. The second term is the conditional probability that there are exactly j particles in the sphere's hydrogen bonding shell (r i рrрr 0 ), given that there is a empty cavity of radius r i surrounding the central particle. The following rigorous expression for p(r i ,0) can be derived:
͑2.15͒
where G(r) is called the conditional pair-distribution function, and G(r) is the concentration of sphere centers located a distance r away from a hard-sphere center, given that there are no sphere centers closer than r. This quantity plays an important role in the scaled-particle theory ͑SPT͒, 48 and more generally, in the statistical geometry of liquids, which has contributed many exact relations that bound the thermodynamic properties of hard-particle systems. [49] [50] [51] [52] [53] In the spirit of SPT, Torquato 47 derived an analytical approximation for G(r), G͑r ͒ϭ0 rϽ, ͑2.16͒
where the packing fraction is given by ( 3 /6). Here, we choose the simple approximation
This expression is appealing because it approaches the exact description in the dilute limit when the cavity surrounding the central molecule is small ͑˜0, r i˜ ͒. Furthermore, we have found that the expression is quite accurate for low densities and captures many qualitative features of the correlations at higher densities. This completes the development of a simple analytical theory for the thermodynamics of a hydrogen-bonding fluid. In the next section, we investigate the the thermodynamics and phase behavior of the theory and discuss connections with supercooled liquid water.
III. RESULTS AND DISCUSSION
Notice that the model equation of state ͑2.12͒ depends on a total of 7 parameters that can be varied independently (r i ,r 0 ,⑀ max ,⑀ pen ,*,,a). In the present work, we present results obtained by varying the three parameters that describe the hydrogen-bond geometry (r i ,r 0 ,*), while the remaining parameters (⑀ max ,⑀ pen ,,a) were fixed. The magnitude of the maximum hydrogen-bond strength ⑀ max and the hardcore diameter were set at the physically reasonable values of 23 kJ/mol and 3.11 Å, respectively. Recall that the crowding penalty ⑀ pen was set to 3 kJ/mol per nonbonding molecule in the hydrogen-bonding-shell. The dispersion interaction a was chosen to be 0.269 Pam 6 mol Ϫ2 , which essentially fixes the vapor-liquid critical point at the correct experimental value of 647 K. Due to the simplified treatment of the dispersion interaction, the vapor-liquid critical density obtained ( c ϭ0.41 g/cm 3 ) is an overestimation of water's true critical point density ( c ϭ0.328 g/cm 3 ). Since only three parameters are varied in this study, a simple protocol was developed to generate phase diagrams. Specifically, we freely varied one of the three parameters ͑r i , r 0 , or *͒ within reasonable physical constraints, e.g., рr i рr 0 . The other two parameters were used to fix the ͑1 bar͒ density maximum at 4°C and 1 g/cm 3 . Figure 2 shows that Eq. ͑2.12͒ can generate a phase diagram consistent with the two-critical-point scenario proposed for liquid water. Note the liquid-liquid transition that occurs at low temperature and high pressure. Consistent with the behavior of liquid water, the fluid expands upon isobaric cooling (␣ p Ͻ0) over a large range of temperatures and pressures. This region of negative thermal expansion is enclosed by the locus of extrema in density ͑temperature of maximum/ minimum density, TMD͒. Also shown is the locus of extrema in compressibility ͑temperature of extrema in compressibility, TEC͒, which bounds the region in which the isothermal compressibility T increases upon isobaric cooling. As is required by thermodynamic consistency, 28 the TEC intersects the TMD when the latter attains infinite slope in the P -T plane.
It is important to note that the model predictions of a locus of density maxima and a locus of compressibility minima are consistent with the known thermodynamic behavior of water. Furthermore the predicted change of slope of the TMD in the negative pressure region has also been observed in computer simulations of liquid water. 19 Although the vapor-liquid and the liquid-liquid transitions are similar in shape in the temperature-density projection, there are some important differences. To illustrate one distinguishing feature, Fig. 2͑a͒ includes three curves of con-stant Z ͑Zϭ0.9, 1.0, and 1.1, respectively͒, where Z ϭ␤ P/ is the compressibility factor. The line Zϭ1 is a useful reference on the temperature-density projection because it effectively divides the phase diagram into regions where either repulsive (ZϾ1) or attractive forces (ZϽ1) make the predominant contribution to the pressure. In general, repulsive forces increase by heating or compression, hence the Zϭ1 locus is negatively-sloped for most fluids. Note the different behavior for water in the region ␣ P Ͻ0. The locus of vapor-liquid coexistence, as is well-known, lies entirely within the ZϽ1 portion of the phase diagram, indicating that the transition is driven by attractive interactions. It is worth noting that, in contrast to the vapor-liquid transition, the liquid-liquid transition is dominated by repulsive contributions to the virial. Furthermore, the locus of phase coexistence for the liquid-liquid transition is negativelysloped in the pressure-temperature projection of the phase diagram, indicating that the high-density liquid phase has a higher entropy than the low-density liquid phase. Figures 3͑a͒ and 3͑b͒ show the behavior of the molar entropy s and the molar internal energy u in the two-criticalpoint scenario as the fluid is compressed through the liquidliquid transition along the 100 K isotherm. As is the case in the van der Waals fluid, compression at low densities results in a monotonic decrease in the entropy and the internal energy. However, further compression causes the slope of the entropy to change in sign, corresponding to a change in the sign of the thermal expansion coefficient, followed by appreciable increases in both the entropy and the internal energy. Thus, the Helmoltz free energy (uϪTs) becomes doublewelled at high density, and a second phase transition appears, as a consequence of the anomalous increase in entropy and energy upon compression. Note the contrast with the more common van der Waals-type behavior.
The aforementioned interplay between energy and entropy can be understood in terms of the extent of hydrogen bonding in the system. Figure 3͑c͒ shows the fractional hydrogen-bonding energy f HB plotted vs density as calculated from the microscopic model. Here f HB ϭu HB /u HB,ground is the ratio of the actual to the maximum ͑absolute value͒ possible hydrogen-bonding energy ͑u HB,ground ϭϪ10.99 kJ/mol for the set of parameters given in Fig. 2͒ . The fractional hydrogen-bonding energy has an asymmetric density dependence about an optimal, temperature-dependent hydrogen-bonding density. As the fluid is compressed from low density, the extent of hydrogen bonding slowly increases. However, further compression of the bonded ͑low-energy͒ and ordered ͑low-entropy͒ structures results in a rapid decline in hydrogen bonding, indicating that the liquid-liquid transition shown in Fig. 2 is an equilibrium between an essentially open, bonded fluid and a densely-packed nonbonded fluid. The coexisting phases at 100 K are shown in Fig. 3͑c͒ . Figure 4 shows the singularity-free behavior. Note the disappearance of the liquid-liquid transition, but the persistence of other distinguishing thermodynamic features, including the loci of density and compressibility extrema and the nonmonotonic liquid branch of the vapor-liquid coexistence curve.
Remarkably, the model predicts that the change of thermodynamic scenarios results from only modest differences in the parameters controlling the hydrogen-bond geometry; the set of geometric parameters is given by ͑* ϭ0.175 rad, r i ϭ1.01, r 0 ϭ1.04͒ and ͑*ϭ0.16 rad, r i ϭ1.005, r 0 ϭ1.03͒ for the two-critical-point and singularity-free scenarios, respectively. The singularity-free scenario results from tightening the constraints for hydrogen bond formation, while maintaining the same physical values for the energy of a hydrogen bond. This clearly suggests that the two scenarios arise from the same microscopic physics.
Alterations in the bonding parameters have the expected effect on the thermodynamic properties in the supercooled region. Generally, tightening the width of the hydrogenbonding shell r 0 -r i or the bonding angle * causes the anomalous behavior to occur at progressively lower tempera-FIG. 2. Calculated phase behavior in the two-critical-point scenario. The model parameters are *ϭ0.175 rad, r i ϭ1.01, r 0 ϭ1.04. Other parameters are given in the text. C 1 and C 2 are the the vapor-liquid and liquidliquid critical points, respectively. Coexistence curves ͑dark solid͒, spinodal curves ͑dotted-dashed͒, and the locus of density extrema ͑TMD, dark dashed͒ are shown. The coordinates of C 2 are as follows: P C ϭ3.7 kbar, T C ϭ167 K, C ϭ1.04 g/cm 3 . ͑a͒ Temperature-density projection. Also shown are three curves of constant compressibility factor Z ͑Zϭ0.9, 1, 1.1; light, solid curves appearing in the diagram͒. ͑b͒ Pressure-temperature projection. The light dashed line is the locus of compressibility extrema ͑TEC͒ discussed in the text.
tures. Similar changes can be effected by increasing the penalty assigned to nonbonding neighbors ⑀ pen . If the minimum bond length r i is decreased, with a fixed hydrogen-bonding shell width, the anomalies occur at progressively higher densities and pressures.
Interestingly, the prospect of a second critical point and related density anomalies in a pure fluid have been studied in the context of potentials that have a region of negative curvature or a shoulder in their repulsive core ͑so-called ''coresoftened'' potentials͒. 54, 55, 25 This class of potentials promotes a local correlation between low-density and lowenergy states without orientation-dependent interactions. As is shown in the Appendix, however, orientation-dependent interactions are necessary for reproducing density anomalies in the present theory.
It is well-known that water's thermodynamic response functions exhibit anomalous behavior in the supercooled region. 8, 9 At atmospheric pressure T , c P , and the magnitude of ␣ P continue to increase down to the lowest temperatures at which such measurements have been made ͓Ϫ38°C for c P ͑Ref. 56͔͒. At higher pressures, the model predicts that these pronounced increases occur at progressively lower temperatures. Figures 5 and 6 show the temperature dependence of ␣ P for several pressures in the two-critical-point and singularity-free scenarios, respectively. Note that the high-density liquid spinodal associated with the liquidliquid immiscibility causes ␣ P to diverge at 4 kbar, while ␣ P remains finite down to the lowest calculable temperatures in the singularity-free scenario. The other thermodynamic response functions exhibit similar qualitative behavior. Figure 7 illustrates the comparison of experimental measurements [10] [11] [12] of the thermal expansion coefficient ␣ P , the isothermal compressibility T , and the molar heat capacity c P with the corresponding theoretical predictions using Eq. ͑2͒. The theory yields a very good representation of the pronounced increases in compressibility and in the magnitude of the thermal expansion coefficient upon supercooling; however, the agreement with experimental data is consistently better for the set of parameters that gives rise to liquid-liquid immiscibility.
The agreement between experimental data and model predictions is less satisfying for the molar heat capacity c P . T , and ͑c͒ the molar heat capacity c P at 1 bar. Model parameters for the large plots are those which give rise to the two-critical-point scenario ͑Fig. 2͒. The insets show the corresponding comparison between experimental data and the model predictions in the singularity-free scenario ͑Fig. 3͒. Experimentally, a minimum in T occurs at 46°C ͑1 bar͒, while the model predicts the minimum to occur at 33°C and 15°C for the two-critical-point and singularity-free scenarios, respectively. A minimum in c P for liquid water occurs at 34°C ͑1 bar͒; the model predicts this broad minimum to occur at 96°C and 127°C for the two-critical-point and singularity-free scenarios, respectively. The parameters were set in both scenarios to capture the well-known density maximum occurring at 4°C ͑1 bar͒.
In particular, both scenarios underestimate the magnitude of c P in the high-temperature region. To understand why this is so, recall that c P is related to the rate of change of entropy with respect to temperature at constant pressure ͓c P ϭT(‫ץ‬s/‫ץ‬T) P ͔. As should be expected, the grossly simplified orientational entropy of the single-bond model relative to water results in an underestimation of the molar heat capacity in the liquid state. We note, parenthetically, that although the model cannot capture the the behavior of the heat capacity quantitatively, the temperature range for the pronounced increase in heat capacity is captured satisfactorily by predictions of the two-critical-point scenario.
IV. CONCLUSIONS
We have presented the thermodynamic predictions of a simple analytic theory for an associating fluid. The ability of this model to describe density maxima, compressibility and specific heat minima, and sharp increases in response functions at low temperatures suggests that accounting for the correlation between hydrogen-bond formation, loss of orientational entropy, and the existence of a low-density local environment is key to understanding the thermodynamics of liquid water. 30 The incorporation of further structural details, such as local tetrahedral ordering, appear to be less important.
Depending on the values of the parameters that describe the hydrogen-bonding geometry, the model can generate either of the two thermodynamically consistent phase behaviors that can describe the anomalies in supercooled liquid water, namely the two-critical-point and the singularity-free scenarios. This suggests that the change from liquid-liquid immiscibility to singularity-free behavior is connected to subtle features of hydrogen bonding geometry. Given the high degree of metastability and imperfect equilibration of the LDA and HDA glassy phases, the model further highlights the difficulty of distinguishing experimentally between the two scenarios.
Perhaps the most important and challenging modification would be the addition of three more rigid bonding arms to the molecule. Such an improvement seems necessary for advancement toward a comprehensive theory of liquid water capable of describing both structure and thermodynamics. 
APPENDIX: REMOVING ORIENTATIONAL CONSTRAINTS ON THE HYDROGEN BOND
In order to understand the effect of bonding geometry on the global phase behavior and thermodynamics of this model, we remove the orientational dependence of the hydrogen bond. Specifically, we allow the central molecule to participate in N max hydrogen bonds with molecules contained in its hydrogen-bonding shell ͓see Fig. 1͑a͔͒ , independent of orientation. Using the familiar van der Waals form for the hard-sphere and dispersion terms, the resulting configurational partition function may be written jp j ⑀ j ͬ .
͑A2͒
As illustrated in Fig. 1͑a͒ , p j is the probability that an empty cavity of radius r i surrounds a given hard sphere, and that exactly j sphere centers are contained in its hydrogenbonding shell. The hydrogen-bonding energy associated with this configuration of jϩ1 spheres is equal to Ϫ j⑀ j . The pressure is given by
͑A3͒
which is simply the van der Waals equation of state plus a density-dependent hydrogen-bonding term. Note that since the p j refer to a hard-sphere fluid, the hydrogen-bonding term contains no temperature dependence. To explore the thermodynamic implications of this equation of state, we look at the temperature dependence of the pressure along an isochore
where ␣ P ϭ(‫ץ‬ ln v/‫ץ‬T) P is the isobaric thermal expansion coefficient and T ϭϪ(‫ץ‬ ln v/‫ץ‬P) T is the isothermal compressibility. Since mechanical stability requires T Ͼ0, we see that the thermal expansion coefficient is always non-negative,
or equivalently, the fluid lacks densities anomalies. This suggests that orientation-dependent interactions are crucial for reproducing the qualitative features of liquid water.
